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We show the existence of 30 mutually orthogonal Latin squares of 
order n for n > 65278, so that n 30 ~ 65278. 
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0. INTRODUCTION 
Let N(v) denote the maximum number of mutually orthogonal Latin squares 
of order v. According to CHOWLA, ERDOS & STRAUSS [4] we have lim~N(~) = 00 
so that we may define n as the least integer such that N(v) ~ r if v > n. 
r r 
It is convenient to put N(0) = N(l) = + 00 • 
For tables of lower bounds for N(v) (v<l0000) and of upper bounds for 
n (r<16) see BROUWER [1,2] and BROUWER & VAN REES [3]. 
r 
HANANI proved in 1970 [SJ that n29 $ 34115553, and recently STINSON 
[6], using Wilson's theorem, improved this considerably, showing that 
n30 $ 121605. (Of course n29$n30 .) Here we shall prove n 30 $ 65278 using 
the theorem from Brouwer & van Rees as our main tool. Of course we make 
a strong use of the fact that 31 and 32 are consecutive prime powers. 
1. SOME THEOREMS 
THEOREM 1. 
N(0) = N(l) = + oo 
N(q) = q-1 if q is a prime power. 
THEOREM 2. [Bush] 
N(uv) ~ N(u).N(v). 
THEOREM 3. [Wilson] If 0 $ u $ t then 
N(mt+u) ~ min{N(m), N(m+l), N(t)-1, N(u)}. 
THEOREM 4. [Wojtas] 
N(mt+w) ~ min{N(m), N(m+l), N(m+w), N(t)-w}. 
THEOREM 5. [Brouwer] 
If n =mt+ 
s 
t = E. 1h., 1= l. 
T[k+2;m+m. J 
l. 
u an& N(t) ~ k+l, N(u) ~ k and 
s 
u = E. 1h.m. and (for i=l, ••• ,s) designs 1= l. l. 
- T[k+2;m.J exist~ 
l. 
then N(n) ~ k. 
(For an explanation of the notation T[k;v] - T[k;u]: a transversal design 
with k groups of size v with a 'hole' of size u, see BROUWER [1] and 
BROUWER & VAN REES [3]. A T[k;v] - T[k;u] certainly exists whenever a 
T[k;v] with subdesign T[k;u] exists (simply remove the blocks of the sub-
design), but we shall see many applications where the existence of T[k;v] 
itself is unknown.) 
PROPOSITION 6. [A very special case of the theorem of BROUWER & VAN REES] 
If n = 991t + 32u1 + u 2 + v, where 
0 s vs t, u 1 + u 2 st, N(t) 2 32, N(32u 1+u2 ) 2 30, 
N(v) 2 30 then N(n) 2 30. 
PROOF. We have to show the existence of 
T[32,991+a+b] - T[32,a] - T[32,b] 
for a E {0,1,32} and b E {0,1}. 
(i) 991 is prime, so T[32,991] exists. 
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(ii) If we delete one point from PG(2,31) we obtain a pairwise balanced 
desi9n on 992 = 31 2 + 31 points with block sizes 31 and 32, where the 
blocks of size 31 form a parallel class. Hence T[32,992] a:tld there-
fore also T[32,992]- T[32,1] exists. 
(iii) If we delete one point from AG(2,32) we obtain a pairwise balanced 
desi9n on 1023 = 32 2 - 1 points with block sizes 31 and 32 where the 
blocks of size 31 form a parallel class. Hence T[32,1023] - T[32,32] 
exists. 
(iv) Considering PG(2,31) with its 993 = 31 2 + 31 + 1 points and blocks 
of size 32 we see that T[32,993] and therefore also T[32,993] -
T[32,1] - T[32,1] exists. 
(v) Likewise, considering AG(2,32) one sees that T[32,1024] - T[32,32] -
T[32,1] exists. 0 
Of sporadic application is the following theorem (BROUWER [2]): 
THEOREM 7. Let q be a prime power, 0 st s q 2 - q+1, n = t(q2+q+1) + x. 
Let do= N(x) ,d1 = N(t), d2 = N(t+1}, d3 = N(t+q), d4 = N(t+q+1) 
(where N(O) = N(1) = m). 
Let e:1,e:2,e:3,e:4 E {0,1}, and 
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e: 1 0 iff X = q - q - t, 
e: 2 0 iff X = 1 ' 
2 
e:3 = 0 iff X q 
e:4 = 0 iff X t + q + 1. 
Then 
(i) if X 0 then N(n) 2 min ( d 1 , d 3 ) , 
(ii) if X = t+q then N (n) 2 min (d1-e: 3 , d3' d4-1), 
2 (iii) if X = q -q+l-t then N (n) 2 min (do, d2-e:2, d 3-1), 
2 (iv) if X = q +1 then N(n) 2 min(d0 , d2-e:4, d4-1), 
2 (v) 
(vi) 
if 0 < X < q -q+l-t then 
N{n) 2 min(d0 ,d1-e: 1 , d 2-e:2 , d3-1), 
2 if t+q < x < q +1 then 
N(n) 2 min(do, dl-e:3, d2-e:4, d4-1). 
Incomplete transversal designs can be found as follows. 
THEOREM 8. 
(i) If T[k;u] and T[k;v] exist, then 
T[k;uv] - T[k;u] exists. 
(ii) If T[k;m], T[k;m+l], T[k+l;t] exist, then 
T[k;mt+u] - T[k;u] exists for Os; us; t. 
If moreover T[k;u] exists, then 
T[k;mt+u] - T[k;t] exists, 
T[k;mt+u] - T[k;m] exists if u<t, and 
T[k;mt+u] - T[k;m+l] exists if u>O. 
(iii) If T[k;m], T[k;m+l], T[k+w;t] exist, then 
T[k;mt+w] - T[k;m+w] exists. 
If moreover T[k;m+w] exists, then 
T[k;mt+w] - T[k;t] exists, 
T[k;mt+w] - T[k;m] exists if m+w < t+l, and 
T[k;mt+w] - T[k;m+l] exists if w>O. 
(iv) T[k;v] - T[k;l] exists iff v::C:1 and T[k;v] exists. 
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(Parts (i), (ii), (iii) follow from the proofs of Theorems 2r3,4. The other 
Theorems give analogous results. For example, the design constructed in 
Theorem 7 has a subdesign of order x. One may put d0 = + 00 and obtain bounds 
4 
on k for T[k+2;n] - T[k+2;x].) 
2. STINSON'S EXCEPTIONS 
Stinson showed N(v) ~ 30 for v ~ 100000 with possibly eighteen excep-
tions. In view of his method and the fibre he indicates, his 101878 should 
probably be 101828. Let us show how these orders may be treated using the 
above theorems. 
From Theorem 3: 
order m t u 
(138932 31 4397 2625) 
109215 3412 32 31 
107206 2614 41 32 
From Theorem 4: 
order m t w 
( 185905 127 1459 612) 
114766 2799 41 7 
109246 31 3457 2079 
106975 2609 41 6 
From Theorem 5: 
order m t u Eh. X m. 1 1 
121605 3799 32 37 1 X 31 + 6 X 1 + 25 X 0 
121515 3793 32 139 4 X 31 + 15 X 1 + 13 X 0 
121076 2799 43 719 23 X 31 -t 6 X 1 + 14 X 0 
119317 3210 37 547 17 X 31 + 20 X 1 
118318 3183 37 547 17 X 31 + 20 X 1 
108823 3396 32 151 4 X 31 + 27 X 1 + 1 X 0 
102927 3209 32 239 7 X 31 -t 22 X 1 + 3 X 0 
101878 2481 41 157 5 X 31 + 2 X 1 + 34 X 0 
101828 2481 41 107 3 X 31 + 14 X 1 + 24 X 0 
101625 3173 32 89 2 ·X 31 + 27 X 1 + 3 X 0 
100827 1876 53 1399 45 X 31 + 4 X 1 + 4 X 0 
100029 1876 53 601 19 X 31 + 12 X 1 + 22 X 0 
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From Proposition 6: 
order t ul ~2 32u1+u2 V 
100681 101 16 0 512 79 
100515 101 11 31 383 41 
(All required estimates can be found in the table [1]. All required trans-
versal designs with holes exits by Theorem 8.) 
Using Stinson's results this implies n30 < 100 000. 
3. 30 SQUARES 
We ran a program with knowledge of Theorems 1-4; of Theorem 5 with 
m1 = O, m2 = 1, m3 E {31,32} (where incomplete transversal designs were found 
from Theorem 8); of Proposition 6, and of the inequalities N(2016) ~ 31 
(see [1]) and N(2395) ~ 42 (from Theorem 7, see [2]). In the interval 
60 000 $ n $ 300 000 it found 44 possible exceptions (i.e., cas~s where 
N(n) ~ 30 could not be proved). A much better educated program, with know-
ledge of most things I know about orthogonal Latin squares, then attacked 
these 44 cases and killed 34 of them, usually by appealing to Theorem 5 or 
some other specialization of Brouwer & van Rees' theorem. 67378 is done 
using a theorem of Van Rees; 60458 by a theorem of Wilson. Let us give these 
34 constructions 
order m t u I:h. x m. comment 
1 1 
87435 2728 32 139 30 X 1 + 1 X 31 + 1 X 78 2728=31.88 
80900 2458 32 2244 5 X 31 + 2 X 32 + 25 X 81 2539=31.81+28 
77901 2042 37 2347 2 X 1 + 35 X 67 2109=31.67+32 
77362 2063 37 1031 19 X 0 + 5 X 32 + 13 X 67 2130=31.67+53 
76465 2016 37 1873 8 X 0 + 2 X 32 + 27 X 67 2083=31.67+6 
72328 2200 32 1928 1 X 1 + 8 X 31 + 23 X 73 2273=31.73+10 
70282 1897 37 93 3 * 31 use three levels 
70198 1871 37 971 13 X 0 -1- 17 X 32 + 7 X 61 1932=31.61+41 
69531 1307 53 260 8 * 32 + 4 * 1 . use twelve levels 
69351 1819 37 2048 5 X 32 + 32 X 59 1878=31.59+49 
69201 1426 47 2179 30 X 46 + 17 X 47 1426=31.46 
69153 1426 47 2131 31 X 45 + 16 X 46 
69148 1426 47 2126 36 X 45 + 11 X 46 
order m t u 
68308 1621 41 1847 
68252 1813 37 1171 
Eh. x m 
l. i 
1 X O + 13 X 32 + 27 X 53 
8 X O + 20 X 32 + 9 X 59 
67378 From prop 11 in [1], with m=1566, r=43, b=37, s=3. 
67294 2038 32 2078 1 X 1 + 31 X 67 
66076 1332 49 808. (2 X O + 47 X 1) + (27 X 1 + 16 )( 32 + 6 )( 37} 
6,6045 2011 32 
66014 1332 49 
. 65762 1332 49 







1 X 1 + 11 X 32 + 20 X 67 
( 12 X O + 37 X 1) + (29 X 1 + 12 X 32 + 8 X 37) 
(12 X O + 37 X 1) + (36 X 1 + 12 X 32 + 1 X 37) 
(18 XO+ 31 X 1) + (39 X 1 + 10 X 37) 
17 XO+ 2 X 1 + 4 X 32 + 9 X 67 
19 X O + 1 X 1 + 12 X 64 
65245 2016 32 
63201 1951 32 








1486 2:11 1529 10 X 1 + 31 X 49 
From prop 11 in [1], with m=991, r=61, t=7. 
1872 32 541 1 XO+ 14 X 1 + 17 X 31 
1621 37 457 26 XO+ 6 X 32 + 5 X 53 
1846 32 1302 6 X 1 + 10 X 32 + 16 X 61 
1457 41 511. (9 X O + 32 X 1) + {12 X O + 14 X 1 + 15 X 31) 
961 61 1621 9 XO+ 43 X 31 + 9 X 32 
60188 1840 32 1308 
60182 1840 32 1302 
3 X 1 + 16 X 32 + 13 X 61 
6 X 1 + 10 X 32 T 16 X 61 











(I tried the following specialisations of the BR-theorem: 
(i) one level only - this is theorem 5. 
(ii) two levels, but with weights 0 and 1 on the second level. 
(iii) many levels, but on each level on~y one point of nonzero weight, 
these points all being contained in a single block: 
THEOREM 9. If n =mt+ wand N(t) ~ k + s, N(m) ~ k, N(m+w) ~ k and 
w = E~ 1w. where for i=l, ••• ,s designs 1.= l. 
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T[k+2; m+w,] - T[k+2; w.J 
l. l. 
exist, then 
N(n) ~ k. 
[Note that with w. = l(V,) this reduces to Theorem 4, just as Theorem 5 
l. l. 
reduces to Theorem 3 if one takes m. E {0,1} (V.).] 
l. l. 
Consequently,_in order to attack the above ten cases one should either find 
a completely new construction, or try more complicated specializations.) 
Since 65278 is the largest of these cases we proved 
THEOREM 10. n30 ~ 65278. 
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